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s.2013.0Abstract In this paper, the modiﬁed simple equation (MSE) method is implemented to ﬁnd the
exact solutions for the nonlinear Drinfel’d–Sokolov–Wilson (DSW) equation and the modiﬁed Ben-
jamin–Bona–Mahony (mBBM) equations. The efﬁciency of this method for constructing these
exact solutions has been demonstrated. It is shown that the MSE method is direct, effective and
can be used for many other nonlinear evolution equations (NLEEs) in mathematical physics. More-
over, this technique reduces the large volume of calculations.
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It is well known that most of the phenomena that arise in
mathematical physics and engineering ﬁelds can be described
by NLEEs. NLEEs have become a useful tool for describing
natural phenomena of science and engineering models. NLEEs
are frequently used to describe many problems of protein




ing by Elsevier B.V. on behalf of E
4.010ulation models, in physics the heat ﬂow and the wave propaga-
tion phenomena, quantum mechanics, ﬂuid mechanics, plasma
physics, propagation of shallow water waves, optical ﬁbers,
biology, solid state physics, chemical kinematics, geochemis-
try, meteorology, electricity etc. By the aid of exact solutions,
when they exist, the phenomena modeled by these NLEEs can
be better understood. Therefore, the studies of the traveling
wave solutions for NLEEs play an important role in the study
of nonlinear physical phenomena. Considerable efforts have
been made by many mathematicians and physical scientists
to obtain exact solutions of such NLEEs and a number of
powerful and efﬁcient methods have been developed by those
authors such as the Hirota’s bilinear transformation method
[1,2], the tanh-function method [3,4], the extended tanh-meth-
od [5,6], the Exp-function method [7–14], the Adomian decom-
position method [15], the F-expansion method [16], thegyptian Mathematical Society. Open access under CC BY-NC-ND license.
234 K. Khan et al.auxiliary equation method [17], the Jacobi elliptic function
method [18], Modiﬁed Exp-function method [19], the (G0/G)-
expansion method [20–29], Weierstrass elliptic function meth-
od [30], the homotopy perturbation method [31–35], the homo-
geneous balance method [36,37], the modiﬁed simple equation
method [38–40], He’s polynomial [41], the asymptotic methods
[42], the variational iteration method [43,44], the casoration
formulation [45], the Frobenius integrable decomposition
method [46] and so on.
The objective of this article is to apply the MSE method to
construct the exact solutions for nonlinear evolution equations
in mathematical physics via nonlinear DSW equation and the
mBBM equation.
The article is prepared as follows: In Section 2, the MSE
method is discussed; In Section 3, we exert this method to the
nonlinear evolution equations pointed out above; in Section 4,
physical explanation and in Section 5 conclusions are given.
2. The MSE method
In this section we describe the MSE method for ﬁnding travel-
ing wave solutions of nonlinear evolution equations. Suppose
that a nonlinear equation, say in two independent variables
x and t is given by
Rðu; ut; ux; utt; uxx; uxt; . . .Þ ¼ 0; ð2:1Þ
where u(n) = u(x, t) is an unknown function, R is a polyno-
mial of u(x, t) and its partial derivatives in which the highest
order derivatives and nonlinear terms are involved. In the fol-
lowing, we give the main steps of this method [38–40]:
Step 1. Combining the independent variables x and t into
one variable n= x± xt, we suppose that
uðnÞ ¼ uðx; tÞ; n ¼ x xt: ð2:2Þ
The traveling wave transformation Eq. (2.2) permits us to re-
duce Eq. (2.1) to the following ODE:
Rðu; u0; u00; . . .Þ ¼ 0; ð2:3Þ
where R is a polynomial in u(n) and its derivatives, while
u0ðnÞ ¼ du
dn ; u00ðnÞ ¼ d
2u
dn2
, and so on.
Step 2. We suppose that Eq. (2.3) has the formal solution








where ak are arbitrary constants to be determined, such that
an „ 0 and /(n) is an unknown function to be determined later.
Step 3. We determine the positive integer n in Eq. (2.4) by
considering the homogeneous balance between the
highest order derivatives and the nonlinear terms
in Eq. (2.3).
Step 4. We substitute Eq. (2.4) into Eq. (2.3) and then we
account the function /(n). As a result of this substitu-
tion, we get a polynomial of (/0(n)//(n)) and its deriva-
tives. In this polynomial, we equate the coefﬁcients of
same power of /i(n) to zero, where iP 0. This proce-
dure yields a systemof equationswhich can be solved to
ﬁnd ak,/(n) and/0(n). Then the substitution of the val-
ues of ak, /(n) and /0(n) into Eq. (2.4) completes the
determination of exact solutions of Eq. (2.1).3. Applications
3.1. The Drinfel’d–Sokolov–Wilson equation:
Now we will bring to bear the MSE method to ﬁnd exact solu-
tions and then the solitary wave solutions to the DSW equa-
tion in the form
ut þ pvvx ¼ 0;
vt þ qvxxx þ ruvx þ suxv ¼ 0;
ð3:1Þ
where p, q, r and s are nonzero parameters.
Now let us suppose that the traveling wave transformation
equation be
uðnÞ ¼ uðx; tÞ; vðnÞ ¼ vðx; tÞ; n ¼ xþ xt: ð3:2Þ
The Eq. (3.2) reduces Eq. (3.1) into the following ODEs
xu0 þ pvv0 ¼ 0; ð3:3Þ
xv0 þ qv000 þ ruv0 þ su0v ¼ 0: ð3:4Þ
By integrating Eq. (3.3) with respect to n, and neglecting the
constant of integration, we obtain




Substituting Eq. (3.5) into Eq. (3.4), we obtain
2qxv000 þ 2x2v0  pðrþ 2sÞv2v0 ¼ 0: ð3:6Þ
Integrating Eq. (3.6) with respect to n choosing constant of
integration to zero, we obtain




Balancing the highest order derivative v00 and nonlinear
term v3 from Eq. (3.7), we obtain 3n= n+ 2, which gives
n= 1.
Now for n= 1, using Eq. (2.4) we can write





where a0 and a1 are constants to be determined such that
a1 „ 0, while /(n) is an unknown function to be determined.
It is easy to see that


























Now substituting the values of v, v00, v3 in Eq. (3.7) and then







psa30 þ 2x2a0 ¼ 0; ð3:11Þ
2xq/000 þ 2x2  pra20  2psa20
 
/0 ¼ 0; ð3:12Þ








/0ð Þ3 ¼ 0: ð3:14Þ
Solving Eq. (3.11), we get













Case-I: When a0 = 0, Eq. (3.12) and Eq. (3.13) yields a triv-
ial solution. So, this case is discarded.












/00 ¼ 0: ð3:15Þ
Integrating Eq. (3.15) with respect to n, we obtain


































where A and B are constants of integration.
Substituting the values of / and /0 into Eq. (3.8), we obtain the
following exact solution
vðnÞ ¼ a0  a1





























































where n= x+ xt.
We can freely choose the constants A and B. Therefore, if
we set A ¼ 2xB
q
,
Eq. (3.20) reduces to:













ð3:21ÞAgain, if we set A ¼  2xB
q
, Eq. (3.20) reduces to:













Now applying Eqs. (3.21) and (3.22) into Eq. (3.5), we obtain




















Eqs. (3.21)–(3.24) are the exact traveling wave solutions of the
DSW Eq. (3.1) when x> 0.
Now for x< 0, using the hyperbolic function identity we
get the following exact periodic wave solution of the DSW
Eq. (3.1)














































Remark 1. Solutions (3.20)–(3.28) have been checked with
Maple by putting them back into the original equations and
found correct.3.2. The modiﬁed Benjamin–Bona–Mahoney equation
In this section, we will apply the modiﬁed simple equation
method to ﬁnd the exact solutions and then the solitary wave
solutions of mBBM equation
ut þ ux þ au2ux þ buxxt ¼ 0; ð3:29Þ
where a and b are nonzero constants.
The traveling wave transformation is
uðnÞ ¼ uðx; tÞ; n ¼ xþ xt: ð3:30Þ
Using traveling wave Eq. (3.30), Eq. (3.29) reduces into the fol-
lowing ODE
ðxþ 1Þu0 þ au2u0 þ bxu000 ¼ 0: ð3:31Þ
Integrating with respect to n, choosing constant of integration




þ bxu00 ¼ 0: ð3:32Þ
Now balancing the highest order derivative u00 and nonlinear
term u3, we get n= 1.












236 K. Khan et al.where a0 and a1 are constants to be determined such that
a1 „ 0, while /(n) is an unknown function to be determined.
It is easy to see that


























Now substituting the values of u, u00, u3 into Eq. (3.32) and
then equating the coefﬁcients of /0, /1, /2, /3 to zero,
we respectively obtain
aa30 þ 3ðxþ 1Þa0 ¼ 0; ð3:36Þ
bx/000 þ xþ aa20 þ 1
 
/0 ¼ 0; ð3:37Þ
3bx/00  aa0a1/0 ¼ 0; ð3:38Þ
6bxa1 þ aa31
 
/0ð Þ3 ¼ 0: ð3:39Þ













and a1–0Case I: when a0 = 0 solving Eq. (3.37) and Eq. (3.38) we get
trivial solution. So, this case is rejected.












/00 ¼ 0: ð3:40Þ
Integrating, Eq. (3.40) with respect to n, we obtain






















Therefore, upon integration, we obtain









where A and B are arbitrary constants.
Substituting the values of / and /0 into Eq. (3.33), we ob-
tain the following exact solution,
uðnÞ ¼ a0 
a1
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ



























































where n= x+ xt.
Since A and B are arbitrarily constants, consequently, if we
set A ¼ 2Bðxþ1Þ
bx , Eq. (3.45) reduces to:















Again setting set A ¼  2Bðxþ1Þ
bx , Eq. (3.45) reduces to:















For x< 0, using hyperbolic function identity Eqs. (3.46) and
(3.47) yield,
u5;6ðx; tÞ ¼ 
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ


























Remark 2. Solutions (3.45)–(3.49) have been checked with
Maple by putting them back into the original equations and
found correct.4. Physical explanation
In this part, we study the physical explanations of determined
exact solitary wave solutions and periodic traveling wave solu-
tions of nonlinear wave equations named Drinfel’d–Sokolov–
Wilson equation and the modiﬁed Benjamin–Bona–Mahoney
equation.
The solution Eq. (3.21) is called the kink solution. It rises or
descent from one asymptotical state at nﬁ 1 to another
asymptotical state at nﬁ+1. The Fig.1 shows the shape of
the exact Kink-type solution of the Drinfel’d-Sokolov-Wilson
Eq. (3.1) (only shows the shape of Eq. (3.21) with wave speed
x= 1, p= 3, q= 2, r= 2, s= 1 and 10 6 x, t 6 10).
From Eq. (3.2) we observe that v(x, t) = v(x+ xt), which
means that for negative values of wave speed (here x= 1),
the disturbance moving in the positive x-direction. If we take
x> 0 the propagation will be in the negative x-direction.
Fig. 1 Shape of Eq. (3.21) with x= 1, p= 3, q= 2, r= 2,
s= 1 and 10 6 x, t 6 10.
Fig. 2 Shape of Eq. (3.22) with x= 1, p= 3, q= 2, r= 2,
s= 1 and 10 6 x, t 6 10.
Fig. 3 Shape of Eq. (3.23) with x= 1, q= 2, r= 2, s= 1
and 10 6 x, t 6 10.
Fig. 4 Shape of Eq. (3.24) with x= 1, q= 2, r= 2, s= 1
and  10 6 x, t 6 10.
Traveling wave solutions of the nonlinear Drinfel’d–Sokolov–Wilson equation 237The solution Eq. (3.22) comes inﬁnity in trigonometry, are Sin-
gular kink solutions. The Fig. 2 shows the shape of the exact
Singular Kink-type solution of the Drinfel’d-Sokolov-Wilson
Eq. (3.1) (only shows the shape of Eq. (3.22) with wave speed
x= 1, p= 3, q= 2, r= 2, s= 1 and 10 6 x, t 6 10).
Here x= 1, hence the disturbance represented by v(x, t)
moving in the positive x-direction. If we take x> 0 the prop-
agation will be in the negative x-direction.
The Fig. 3 shows the shape of the exact bell-shaped soliton
solution of the Drinfel’d-Sokolov-Wilson Eq. (3.1) has an inﬁ-
nite support or inﬁnite tails (only shows the shape of Eq. (3.23)
with wave speed x= 1, p= 3, q= 2, r= 2, s= 1 and
10 6 x, t 6 10). From Eq. (3.2) we observe that u(x,
t) = u(x+ xt), which means that for negative value of wave
speed (here x= 1) the disturbance moving in the positivex-direction. If we take x> 0 the propagation will be in the
negative x-direction. The solution Eq. (3.24) is a Singular kink
shaped solution. The Fig. 4 shows the shape of the exact Sin-
gular Kink-type solution of the Drinfel’d-Sokolov-Wilson Eq.
(3.1) (only shows the shape of Eq. (3.24) with wave speed
x= 1, p= 3, q= 2, r= 2, s= 1 and 10 6 x, t 6 10).
Here x= 1, hence the disturbance represented by u(x, t)
moving in the positive x-direction. If we take x > 0 the prop-
agation will be in the negative x-direction. Figs. 5–8 show the
shape of Eqs. 3.25, (3.26)–(3.28) respectively are the exact peri-
odic traveling wave solutions of the Drinfel’d-Sokolov-Wilson
Eq. (3.1). Shape of Eq. (3.25) with x= 1, p= 3, q= 2,
r= 2, s= 1, Eq. (3.26) with x= 1, p= 3, q= 2, r= 2,
s= 1, Eq. (3.27) with x= 1, p= 3, q= 2, r= 2, s= 1
and Eq. (3.28) with x= 1, p= 3, q= 2, r= 2, s= 1 into
the interval 10 6 x, t 6 10 (see Fig. 9).
Fig. 5 Shape of Eq. (3.25) with x= 1, p= 3, q= 2, r= 2,
s= 1 and 10 6 x, t 6 10.
Fig. 6 Shape of Eq. (3.26) with x= 1, p= 3, q= 2, r= 2,
s= 1 and 10 6 x, t 6 10.
Fig. 7 Shape of Eq. (3.27) with x= 1, q= 2, r= 2, s= 1
and 10 6 x, t 6 10
Fig. 8 Shape of Eq. (3.28) with x= 1, q= 2, r= 2, s= 1
and 10 6 x, t 6 10.
Fig. 9 Shape of Eq. (3.46) with x= 1, a= 1, b= 1 and
10 6 x, t 6 10.
238 K. Khan et al.The solution Eq. (3.46) is the kink shaped traveling wave
solution. The Fig. 1 shows the shape of the exact Kink-type
solution of the mBBM Eq. (3.29) (only shows the shape of
Eq. (3.46) with wave speed x= 1, a= 1, b= 1 into the
interval 10 6 x, t 6 10). From Eq. (3.2) we observe that
u(x, t) = u(x+ xt), which means that for positive value of
wave speed (here x= 1), the wave propagation moving in
the negative x-direction. If we take x< 0 the propagation will
be in the positive x-direction. The solution Eq. (3.47) is the sin-
gular kink shaped traveling wave solution. The Fig. 10 shows
the shape of the exact singular Kink-type solution of the
mBBM Eq. (3.29) (only shows the shape of Eq. (3.47) with
wave speed x= 1, a= 1, b= 1 into the interval 10 6 x,
Fig. 10 Shape of Eq. (3.47) with x= 1, a= 1, b= 1 and
10 6 x, t 6 10.
Fig. 11 Shape of Eq. (3.48) with x= 2, a= 1, and 10 6 x,
t 6 10.
Fig. 12 Shape of Eq. (3.49) with x= 2, a= 1, b= 1 and
10 6 x, t 6 10.
Traveling wave solutions of the nonlinear Drinfel’d–Sokolov–Wilson equation 239t 6 10). The solution Eq. (3.48) is the periodic traveling wave
solution of the mBBM Eq. (3.29) represented in the Fig. 11
(only shows the shape of Eq. (3.48) with wave speed x= 2,
a= 1, b= 1 into the interval 10 6 x, t 6 10). And Eq.
(3.49) is the singular periodic traveling wave solution of the
mBBM Eq. (3.29) represented in the Fig. 12 (only shows the
shape of Eq. (3.49) with wave speed x= 2, a= 1, b= 1
into the interval 10 6 x, t 6 10).
5. Conclusions
We have been successfully obtained exact and traveling wave
solutions to the DSW equation and the mBBM equation via
the MSE method. The procedure is simple, direct and con-
structive without the help of a computer algebra system. Re-
sults of all examples in this paper show the efﬁciency of
MSE method.Acknowledgement
The authors would like to express their sincere thanks to the
anonymous referee(s) for their valuable suggestions and
comments.
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